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Abstract

Fractal dimensions are the most important attributes of fractals and the
Box counting dimension is widely used. Usually it is not so easy to
determine dimensions. In some papers we have considered a class of
functions and we have studied the finitude of the Hausdorff h-measures
of the graph, I, of an eement of this class. In this paper we determine
the Box dimension of 7.
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1. INTRODUCTION

The importance of the fractal sets in sciences increases in the last years. The most
important attributes of fractals are the dimensions.

For the Besicovitch functions, given by

o0

B(t)= > A% % cosit, 1)
k=1
wherel<s<2, A >0and lim A =, the fractal dimension have been estimated, in
k— o0

some cases ([5]), but their exact fractal dimension is unknown.
Definition 1 Let R" be the Euclidean n - dimensional space. Ifr, >0 is a given number,

then, a continuous function h(r), defined on [0,r,), nondecreasing and such that
Iingh(r):oiscalled ameasure function.
r—

If 5> 0,E isanonempty and bounded subset of R"and h is ameasure function then, the
Hausdorff h - measure of E is defined by:

h(E) -l S )



inf being considered over al covers of E with a countable number of spheres of radii
Pi <9.

Particularly, when h(r)=r®, the obtained measure is called the s-dimensional Hausdorff
measure and is denoted by H..

Definition 2 It is said that the sequence {1, }_, satisfies the Hadamard condition if there

exists ¢ > 1suchthat A, >¢eh;,for every i € N".
It isknown that the graph of afunction f : D — R istheset

I(f)={{x f (x)), x < D}

In our papers ([1] - [4]), thefunction cosi,t from (1) was replaced
2X ,0<x<1

g(x)=1-2(x-1), 1 <x<3 2
2Ax-2) ,$<x<2

and the following function was introduced

0

f(x)=>2529(hx), (V)xe[0,1], seft,2), (3)

i=1
wheregisgivenin(2) and {;}_ R, isasequencethat satisfies the Hadamard
condition.
Theorem 1 ([1], [3]) If hisameasure function such that h(t) ~tP, p>2, fisthefunction
definedin (3), se[1,2) and {1, }_+ € R, isasequence tha satisfies Hadamard
condition, then H(I'(f)) <o . Theresult remainstrueif p>1and §>1.
In what follows we shall determine the Box dimension of the graph of the function given
in(3).
ThEar)e are many equivalent definitions ([6]) of the Box dimension, but we shall usethe
following one.
Definition 3 Let g be a positive number and let E be a nonempty and bounded subset of
R2. Consider the p - mesh of R?,

{ip. (i +2)p]<[ip.(i +2)B]. i, N}

If NB(E) is the number of the B - mesh squares that intersect E, then the upper and lower

Box dimension of E are defined by
— logNg (E logNg (E
dimBE:Iimog—B(); dimBE:Ii_mog—B().

p->0 —logp p>0 —logp
If these limits are equal, the common value is called the Box dimension of E and is
denoted by dimg E .
For any given function f:[0,]]> R and[t;,t,][0,1], we denote by R;[t,t,] the
oscillation of f on theinterval [ty,t, ], that is Ry [t;,t,]= sup |f(t)- f(u).

ty<t, ust,

For briefly, any C,C,,...,Cs in this paper indicates a positive constant that may have
different values.




2.RESULTS
In this part of the paper we shall use the following results:

Lemma 1 ([6]). Let f:[0,1]— R be a continuous function, 0<p<1 and m be the least

integer greater than or equal to p*. If Ng isthe number of the squares of the p - mesh
that intersects(f), then

m-1 m-1
B Re[iB.(j +DBJ< Ny <2m+B~™> R [jB.(j +DB].

j=0 j=0
Lemma 2 (Holder inequality). If ke N', & ,b eR, ieLk ando< p<1, q=-, then
k k % k %
Syenl=( Sal | |
i=1 i=1 i=1
Theorem 2 If f isthe function given in (3), withse[1,2), then dimg [(f)=s.
Proof. 1. We provethat dimgI(f)=s.

Thefirst part of the proof follows that of the theorem 1.

Let us consider 0<p <1, small enough and ke N* such that:

Mo <B <Ay @
Then

|f(X+B)— f(x)|:

ix?'z{g[xi(x+s)]—g<xix>»{s

i=1

k ©
<305 aln (x+ B g )|+ Y25 gl (x+ B)] - g %) <

i=k+1

i=1

k ©
<3 gln (x+B)]- g 0 +2 D 52 =

i=1

i=k+1

k e
[f(x+B)— f(X) :2{527»?-1 + ZK?‘Z} .
i=1

i=k+1
Using the Hadamard condition it can be deduced that

k
2D AT <2CALT,
i=1

o0 o0 o0
s-2 j 2 _ 452 j(s-2) s-2
Z A 32(8 Miir) —Muzg <Cohii1s
i=k+1 j=0 j=0

where C;andC, are constant that don’t depend one and s. Thus,



£ (x+B) - T (x| =2BCast +C52). ()
From (4) and (5) we obtain
[ (x+B) - F ()| <2BCy (B> +2C,B*° =2(C; +C,)B* ", (6)

From lemma 1 and (6), we deduce that

m-1
Ny <2m+p™ > Re[p.(j+DBl<2p™ +p™-257(C, + C, )p*° &
j=0

Ny <2871 +2(C; +C,)p%
Since pe(0,1)andse([1,2), then p~* <p~Sand from the previous relation it results that

Ny <CB~°, whereC=2(1+C, +C,).
Therefore

lo _
mor(f)=Tim9Np  jjm 109C — slogh _
p>0o—logB B->0 —logp

S0, dimgI(f)<s.

2. Weprovethat dimgI'(f)>s.

If we consider B<(0,1) and k e N” such that

}"k+l (8}") SB<7"_kl' (7)
andjeN", then
[t(ip)- (i —1)p) = Zﬁ‘ (K(J—l)B)‘{

k

>1> 252 {o(x iB)- 90 (i —1)6)‘{ -

i=1

Zx?'z{g(xi iB)- g (i —1)5)»{:
i=k+1
- CZ}"T;Z:L . (8)

[t(ip)— f((i —1p) = (. iB)-a(r; (i —1)p)

We shall estimate the modul us from the formula (7), using lemma 2.

Let pe(0,1) be any number andq=-2; . Then

[

ZP‘ (7»(1—1)3)‘{ {ﬁ(?‘z)p}p{élg(&js)— (GG -2B)° || 9

i=1

Using the Hadamard conditions and se[1,2) , we obtain



M >y g > o> ey A2 <052 <<el A ps2 o

k
{}:xﬂ*”} S052 B2, (10)

A point x is called an exceptiond point for a function g if the derivativeg'(x) doesn't exist.
For the exceptiona pointsi; jB, A;(j — 1B,

|91 18)—g(xi (j ~1B) = 282 -
For the non-exceptional point x,, for everye, >0,

g(Xo + h)_ g(xo)

. ~g'(x) <&o, Wwhen h-0.

Then
g'(%o)h—eoh< g(xo +h)—g(¥y) < g' (%) +goh,h—>0.
If g'(x)=2 then
0<(2-g9)h<glx +h)—g(xo)<(2+a(_~,)h:|g(x0 +h)—g(x0]>(2—ao)h.
If g'(xy)=-2,then
—(2+g0)h<g(x +h)—9(x)<(~2+e5)h<0=|g(x, + h)- g% | > (2— &0 ).

Therefore,

|9(% +h)-g(x)] > (2-2o)n. h—>0.
Particularly, for the non-exceptional pointsi; (j —1)B,

9% iB)- 9% (1 -1)B) > (220 uiB

fora;8 smal enough. So, fore, — 0,

1
« . . q K q
Z|g(7‘iJB)_g(7‘i(J_l)B)|q} zcm{zﬂ _
= =l
Sinceq<0,

k _ kg

g5 lE g

i-1 1-¢f

and using (7), it can be seen that



Qalk

k
> o iB)- gk (i —DB)* | =C4PA, =Cs. (11)
i=1

Thus, therdations (8) - (11) give:
[f(ip)- f((j-1)B)=Cp?®,C>o0.

Now, from lemma 1,

m

N >B> R, [(j -1, Bl Ny = Cmpp2= > cp=(p2 —1)=cp=(1-p) =

j=1

logN _
lim 09N8 S p 10dCA=B)
B—0 — |OgB B—0 - |OgB

thus, dimgI(f)>s.
From the parts 1 and 2, it results that dimg I'(f)=s.
Cordllary 1 If gisthefunction givenin (2),s<1,2) and
1(x)=3 0 2glix)n>1,
i=1
then dim, T(f )=s.
Coradllary 2 If gisany periodic zig - zag function, se[1,2) and

f(x)= i(}& J2g0ix).a>1,

=1

then dimg I'(f)=s.
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